The boson images of fermion SO(2N+1) Lie operators have been given together with those of SO(2N + 2) ones. The SO(2N+1) Lie operators are generators of rotation in the (2N+1)-dimensional Euclidian space (N : number of single-particle states of the fermions). The images of fermion annihilation-creation operators must satisfy the canonical anti-commutation relations, when they operate on a spinor subspace. In the regular representation space we use a boson Hamiltonian with Lagrange multipliers to select out the spinor subspace. Based on these facts, a new description of a fermionic SO(2N + 2) top is proposed. From the Heisenberg equations of motions for the boson operators, we get the SO(2N + 1) self-consistent field (SCF) Hartree-Bogoliubov (HB) equation for the classical stationary motion of the fermion top. Decomposing an SO(2N+1) matrix into matrices describing paired and unpaired modes of fermions, we obtain a new form of the SO(2N+1) SCF equation with respect to the pairedmode amplitudes. To demonstrate the effectiveness of the new description based on the bosonization theory, the extended HB eigenvalue equation is applied to a superconducting toy-model which consists of a particle-hole plus BCS type interaction. It is solved to reach an interesting and exciting solution which is not found in the traditional HB eigenvalue equation, due to the unpaired-mode effects. To complete the new description, the Lagrange multipliers must be determined in the classical limit. For this aim a quasi anti-commutation-relation approximation is proposed. Only if a certain relation between an SO(2N+1) parameter z and the N is satisfied, unknown parameters k and l in the Lagrange multipliers can be determined withuout any inconcistency.
Introduction
The time dependent Hartree-Bogoliubov (TDHB) theory is the leading standard approximation in the many-body theoretical description of a superconducting fermion system [1] - [3] . The HB wave function (WF) for the fermion system represents Bose condensate states of fermion pairs. It is a good approximation for the ground state of the fermion system with a short-range pairing interaction that produces two-body correlations which is taken into account as a spontaneous Bose condensation of the fermion pairs. The fermion numbernonconservation of the HB WF is a consequence of the spontaneous Bose condensation of fermion pairs which causes a coherence in phases of superconducting (Bose condensed) fermions. The SO(2N) Lie algebra of the fermion pair operators contains the U(N) Lie algebra as a subalgebra. Here the SO(2N) and the U(N) denote the special orthogonal group of 2N dimensions and the unitary group of N dimensions, respectively (N: number of single-particle states of the fermions). The canonical transformation of the fermion operators generated by the Lie operators in the SO(2N) Lie algebra induces the generalized Bogoliubov transformation for the fermions [4] to vanish the dangerous term for arbitrary pairs. The TDHB equation is derived from the classical Euler-Lagrange equation of motion for the
coset variables [5] . Usually the solutions of this equation provides the ground state of an even fermion system. For the odd fermion system, we must consider a one quasiparticle state on the HB WF in which paired and unpaired states are not treated in an equal manner. In this sense for such a system we have no TD self-consistent field (SCF) theory with the same power for the mean field approximation (MFA) as the TDHB theory.
One of the most challenging problems in current studies of condensed matter physics is to obtain a theory suitable for the description of collective motions with large amplitudes in fermion systems with strong collective correlations. For providing a general microscopic framework for a unified SCF description for Bose-and Fermi-type collective excitations in those systems, a many-body theory has been proposed by Fukutome, Yamamura and one of the present authors (S.N.) based on the SO(2N+1) Lie algebra of the fermion operators [6] . An induced representation of an SO(2N+1) group has been obtained from a group extension of the SO(2N) Bogoliubov transformation for fermions to the SO(2N+1) transformation group. We start with the fact that the set of the fermion operators consisting of the creationannihilation and the pair operators forms a larger Lie algebra, the SO(2N+1) Lie algebra. The fermion Lie operators, when operating on the integral representation of the SO(2N+1) WF, are mapped into the regular representation of the SO(2N+1) group and are represented by Bose operators. The Bose images of the fermion Lie operators are expressed by closed first order differential forms. The creation-annihilation operators themselves as well as the pair operators are given by the finite Schwinger type boson representation [7, 8] .
Embedding the SO(2N+1) group into an SO(2N+2) group and using the boson images of SO(2N+2) Lie operators, we have developed an extended TDHB (ETDHB) theory [9] and extended supersymmetric σ-model [10, 11] . Particularly in the ETDHB theory, which is obtained from the Heisenberg equation of motion for the boson operators, paired and unpaired modes are treated on an equal footing. A static extended Hartree-Bogoliubov (EHB) theory is derived easily from the ETDHB theory. The EHB theory applicable to both even and odd fermion systems is a SCF theory with the same power for the MFA as the usual HB theory for even fermion systems. Based on these facts, a new description of a fermionic SO(2N+2) top is proposed. We start from the Hamiltonian of the fermion system which includes, however, the Lagrange multipliers needed to select the physical spinor subspace. The EHB equation is written in terms of appropriate variables representing the paired and the unpaired modes. The EHB eigenvalue equation is solved by a method parallel to the two-step diagonalization method for the usual HB eigenvalue equation [12] . We obtain a new eigenvalue involving unpaired-mode effects in contrast to the usual HB theory, which is unable to describe the unpaired modes. Through the coordinate transformations for space fixed and body fixed coordinate frames, the fermion SO(2N+1) Lie operators are expressed in terms of the quasiparticle expectation values (c-number) of them and the quasiparticle SO(2N+1) Lie operators (quantum mechanical fluctuations). To treat the quantum mechanical fluctuations, we make successive coordinate transformations. The fluctuating Hamiltonian with the Lagrange multipliers is given up to the first order in the quasi-particle SO(2N+1) Lie operators. We found that Sawada's eigenmode method [13, 14] is not appropriate to obtain the excitation energy due to the Hamiltonian because it contains the unpaired-mode amplitudes in a particular form. However, with the help of the traditional Bogoliubov's approach [4] , we were able to derive a very simple expression for the excitation energy due to the fluctuating Hamiltonian. The unknown parameters in the Lagrange multipliers terms must be determined. The anticommutators of the fermion Lie operators given in the first order differentials satisfy exactly the anticommutation relations, when they operate on the SO(2N+1) HB WF. However, this fact plays no role to determine the parameters. A determination of the parameters is possible if we demand instead that expectation values of the anticommutators by an approximate SO(2N+1) HB WF satisfy the anticommutation relations, i.e., the quasi anticommutation relation approximation for the fermions [9, 15] . Under the approximation, the determination could be made successfully. This plays crucial roles for a unified self-consistent description of Bose-Fermi type collective excitations at regions very near z=1 (the case of non existence of unpaired modes) and z=0 (the case of largest contribution from unpaired modes) since they are the necessary and sufficient conditions to determine the unknown parameters in the Langrange multipliers. This means a great step to towards verification of the validity of the present new description. The above quantum fluctuations can also be studied in the framework of quantum group symmetry formalism [16] - [19] . Finally, we point out that it is an important and interesting problem to attempt a group theoretical approach to formation of the Lax pair of the SO(2N+2) top [20] - [22] . This paper is organized as follows. In Sec. 2, we recapitulate briefly the induced representation of the SO(2N +1) canonical transformation group, the embedding of the SO(2N +1) group into an SO(2N+2) one and the introduction of the
coset variables. In Sec. 3, we give a brief sketch of the derivation of the extended TDHB equation from the Heisenberg equation of motion for the boson operators. The extended TDHB theory is just the TD-SCF theory. In Sec. 4, a static extended HB equation is derived from the extended TDHB equation. The EHB eigenvalue equation is solved with the two-step diagonalization method. In Sec. 5, energies of classical motion and quantum mechanical fluctuation of the fermion SO(2N+1) top are given. Sections 6 and 7 are devoted to a determination of the unknown parameters in the Lagrange multipliers by the quasi-anticommutation relation approximation for the fermions. Finally, in the last section, we give some concluding remarks and further perspectives. In particular we will attempt a group theoretical approach to the formation of the Lax pair of the SO(2N+2) top. In App. A, we give expressions for differential SO(2N+2) Lie operators on the coset spaces. Further we provide useful formulas to evaluate the expectation values of differential annihilation-creation operators. We characterize the action of the corresponding operators on the SO(2N+1) wave function. Throughout this paper, we use the summation convention over repeated indices unless otherwise stated.
2 Brief review of Bogoliubov transformation generated by SO(2N+1) Lie algebra of fermion operators and its embedding into SO(2N+2) group
where det represents determinant and the symbol T denotes the transposition. By a = (a α i ) and b = (b αi ) we denote N ×N matrices satisfying the orthonormalization condition for the HB amplitudes a and b [4] . By q a N × N matrix is denoted which is a variable of the
The SO(2N +1) group is embedded into an SO(2N +2) group. The embedding leads to a unified formulation of the SO(2N+1) regular representation in which paired and unpaired modes are treated in an equal manner [23] - [24] . We define (N+1)×(N+1) matrices A and B as
Using the orthonormalization (2.2), the matrices A and B are shown to satisfy the orthonormalization condition for the (N +1)-dimensional HB amplitudes and to form an SO(2N +2) matrix G. The representations for G and for
coset variables Q are given as 10) which shows that the SO(2N + 1) variables q αβ and r α are just the independent variables of the
coset space. The paired mode and the unpaired mode variables q αβ and r α , respectively, in the SO(2N +1) algebra are unified as the paired variables in the SO(2N +2) algebra. We denote the (N +1)-th dimension of the matrices A and B by the index 0 and use the indices p, q, . . . running over 0 and the single-particle states α, β, . . ..
Expectation values of the fermion SO(2N+1) Lie operators, i.e., the generators of rotation in (2N +1)-dimensional Euclidian space, with respect to |G> are given as
The unified matrices R pq and K pq are expressed in terms of the
coset variable Q pq as
The expectation value of a two-body operator is given as
Let the Hamiltonian of the fermion system under consideration be 14) which is expressed in terms of the generators of rotation. We call such a sytem a fermion top. The matrix h αβ related to a single-particle hamiltonian includes a chemical potential and
⋆ are anti-symmetrized matrix elements of an interaction potential. Parallel to calculations by the usual HB factorization method (See Refs. [2] and [3] ), the expectation value of H with respect to |G> is calculated as 
The boson images ε p q etc. of them are given in the following forms [10] , [11] :
Using (3.2), the images of the fermion SO(2N +1) Lie operators are expressed [23] - [24] as
3) which are rewritten as
where A 
Similar definitions hold for B in order to define the boson operators B pq and B ⋆ pq , etc. Here we have used the same symbols as those used in Refs. [10] and [11] .
The SO(2N+1) Lie operators are the generators of rotation in the (2N+1)-dimensional Euclidian space. The fermion top has two kinds of coordinate TRs, namely, the TR for space fixed coordinate frame (left TR) and the TR for body fixed coordinate frame (right TR). To discuss the c-number limit of the bosonized fermion SO(2N+2) Lie operators, we make a coordinate TR bringing the body fixed coordinate to the frame referred to a quasi-particle:
Though we use the same symbols parameters, A p r etc. in (3.6) are not identical with those involved in the variable G. They are coefficients of a time dependent coordinate transformation for the G. The coordinate transformation is represented in the matrix form as
The bosonized quasiparticle SO(2N +1) Lie operators with indices i and j (i, j = 1, . . . , N) are constructed from the operators in (3.6) in the same way as (3.4) and the operator W α p is introduced in the following form:
In the boson images of SO(2N+1) Lie operators, particularly the images c α and c † α must satifsy the anticommutation relations {c † α , c β } = δ αβ , etc., when they operate on the spinor subspace. Therefore, we use in the regular representation space the following image of the Hamiltonian with the Lagrange multiplier terms to select out the spinor subspace:
Using (3.9), (3.5) and (3.6), the Heisenberg equations of motions for
where the W α q denotes a classical part of the W α p and the F αβ , etc. are defined as follows:
The SCF parameters
12) which involve effects of unpaired-mode amplitudes as well as those of paired mode.
The Hamiltonian (3.9) is expressed in terms of the boson operators, i.e., an assembly of oscillators, but represents a (2N +1)-dimensional fermion top. From (3.10) the classical equation of motion for the W α p of the fermion top is obtained as
Simultaneously the direction of the axis of the rotation fluctuates quantum mechanically around the classical axis. This picture of the fermion dynamics was first given by Fukutome, Yamamura and one of the present author (S.N.) [6] . Equation (3.13) is transfomed to 14) using the relations in (2.9), from which we obtain the equations of motion for HB amplitudes a and b though including unpaired mode amplitudes x and x ⋆ .
This is an extended TDHB (ETDHB) equation in which the paired and the unpaired modes are treated in an equal manner [6] and is applicable to both even and odd fermion systems. Then it is the extended TDSCF theory having the same level of a mean field approximation as the usual TDHB. By putting a and b as e iEt a and e iEt b, we obtain a static EHB equation
Though we use the same symbols, a, b, x and z in (3.16) are time independent amplitudes. The constraint term in (3.9) should vanish in the physical fermion space but their classical part might not. Using the third of (3.12) we must determine the parameters k and l in M.
4 A Solution of the extended Hartee-Bogoliubov eigenvalue equation
The SCF parameters F αβ and D αβ are decomposed as
where f αβ and d αβ are the usual SO(2N) SCF parameters defined as 4) and the SO(2N) density matrices ρ αβ and κ αβ are given by
The expectation values of the annihilation and creation operators, with respect to the state |G >, are given in terms of the matrix entries ρ αβ and κ αβ and the amplitudes x α and x
The phase t i , the counterpart of s α , satisfies the relation t i = −t i . The Hartree state w αi satisfies the relation w ⋆ αi = s α t i wᾱ i . We put the HB amplitudes into product forms a
Further assume the pairing potentials d = (d αβ ) and d x = (d x,αβ ) to be constant. This makes the situation very simple as in the BCS theory does [29] . Then, the pairing potentials have the following forms:
From (4.17) and (4.18) we obtain an eigenvalue 19) which reduces to the usual HB quasiparticle energy if z = 1 [2] . It involves unpaired-mode effects in contrast to the usual HB theory, which is unable to describe the unpaired modes.
With the help of the EHB eigenvalue equation (4.13), the eigenvectors are obtained as
From (4.15), we can get the solutions for the unpaired-mode amplitudes and for z as
where we have used the normalization condition i |x i | 2 = i |x i | 2 = 1−z 2 . Up to the present stage, the SCF Hartree potential, the chemical potential λ and the pairing potential remain undetermined. With the use of (4.3)∼(4.6) and the product form of the HB amplitude (4.9), the SCF Hartree potential given through (4.3) is determined as
Energies of classical motion and quantum mechanical fluctuation of fermion SO(2N+1) top
Through the coordinate transformations (3.6) and (3.7), the fermion SO(2N+1) Lie operators are expressed in terms of their quasiparticle expectation values (c-number) and of the quasiparticle SO(2N +1) Lie operators (quantum mechanical fluctuations) as follows:
The combination E Using (5.1), the boson image of the Hamiltonian with the Lagrange multipliers (3.9) is transformed to the following form:
where E 0 is the energy of the classical motion of the top and deviates from the quasiparticle expectation value of the Hamiltonian < H > G owing to the presence of the constraint term H ′ in (3.9). The coordinate transformation method contrasts with the coherent-state method [32] . The Hamiltonian H is the boson image of Hamiltonian for the quantum mechanical fluctuation. To treat such a quantum mechanical fluctuation, we make the successive coordinate transformation G similar to (3.7). We may decompose the tranformation matrix G approximately into a product form of two matrices in the following form:   A The bosonized quasiparticle SO(2N +1) Lie operators in the G quasiparticle frame with indices i and j (i, j = 1, . . . , N) are also constructed from operators similar to the operators in (3.6) along the same way as (3.8) in the following forms:
Using (5.3), the fermion SO(2N +1) Lie operators describing the quantum mechanical fluctuation are expressed in terms of the quasiparticle expectation values (c-number) of them in the G quasiparticle frame and the new quasiparticle SO(2N +1) Lie operators as follows:
where the quasiparticle expectation values in the G quasiparticle frame are given as
whose forms are the same as those of (2.11). Substituting (5.5) and (5.6) into (5.2), the fluctuating Hamiltonian H with the Lagrange multipliers is converted into
where h.c. denotes the Hermtian conjugate. A part of the fluctuating Hamiltonian H is given up to the first order in the boson images E and c.
The part of the fluctuating Hamiltonian H is devided into two parts as
The H d vanishes if we use the normalization condition
which is derived from (2.2). We define the tilded SCF parameters in the G quasiparticle frame as .9) we also have used another eigenvalue E i ′ related to a quantum fluctuation given by the same type of the eigenvalue equation as (3.16) . Namely, the eigenvalue equation for the fluctuating Hamiltonian with the eigenvalue E i ′ is given as
The Hamiltonian H E describes the quantum mechanical fluctuation and is given by
(5.12)
Using eigenvalue equations (3.16) and (5.11) with eigenvalues E i and E i and normalization
, the Hamiltonian H E (5.12) is simply rewritten as follows:
Now we consider an excitation energy due to H E (= H) (5.13) in which y and y ⋆ are relevant variables to treat the excitation energy. This contrasts with the role played by the variables x and x ⋆ in (3.16). We attempt to derive the excitation energy by the Sawada's eigenmode method [13] - [14] . The method, however, does not work well because the Hamiltonian H E contains the unpaired-mode amplitudes. We return to the traditional Bogoliubov's procedure [4] . Let us introduce the following annihilation and creation operators d i and d † i :
We also define a new bosonized quasi-particle SO(2N) Lie operators as follows:
Through the transformation (5.14), the old bosonized quasiparticle SO(2N) Lie operators (5.4) are converted into
Substituting (5.16) into each term in the last line of (5.13), we obtain the Hamiltonian H E in terms of the new bosonized quasiparticle SO(2N) Lie operators as follows:
The last two terms correspond to the so-called dangerous terms and should vanish. Then we can get the relation between u * j and v * j and consequently have a simple and important result for the state j and also the same for the state i
Substituting (5.18) into the second and third lines from the bottom of (5.17), and putting v j = v i e iθ which is due to (5.18), then we have the Hamiltonian H E in the following form:
The Hamiltonian H E can be diagonalized as
where E yi is a diagonalized energy which is given, e.g., for i, j = 1 ∼ 2 as
The diagonalized energy E yi is given also in the case, i, j=1∼N but then it becomes complex. Using (5.2), (5.7) and (5.19), finally we obtain the boson image of the Hamiltonian H with the Lagrange multipliers in terms of E 0 (energy of classical motion of the top), E 0 (energy of fluctuating motion) and quadratic terms of fluctuating operators E and c as
The components of the generalized angular momentum, i.e., the fermion SO(2N + 1) Lie operators, are not in general commutable. Therefore, owing to the presence of the fluctuating Hamiltonian H, the direction of the axis of rotation fluctuates quantum mechanically around the classical axis determined by (3.13). If we consider the quadratic terms of the fluctuating operators in (5.21), then the Sawada's eigenmode method [13, 14] is useful.
6 Basic equations for determination of parameters k and l in Lagrange multiplier terms
The constraint term H ′ (3.9) should vanish in the physical fermion space but its classical part in E 0 in (5.2) might not. Thus we have an unsolved problem to determine the unknown parameters k αβ and l αβ in M α . They cannot be determined in the classical limit only. The determination of them requires taking the quantum mechanical fluctuations into account but has a difficult prescription. Instead, here we attempt another approach which has been proposed by one of the present author (S.N.) Ref. [9] . Following Eq. (6.1) in Ref. [9] , using the relations
we obtain the identities 2) which are just the identities given by Eq. (6.2) in Ref. [9] and whose proofs are given in App. A where we have used U(G)| 0 >= U(G)| 0 > and (2.7), repeatedly. It is shown that on the U(G)| 0 > the fermion operators c α and c
We summarize some results in Ref. [9] . Using (6.5) and (A.6), we get approximate identities
With the aid of (A.8), successive operations of the differential form (A.1) for the fermion operators c α and c < 0 | U
−
We are also able to consider another approximate SO(2N + 1) WF U(G)| 0 > at a region very near z = 0. At that region the SO(2N + 1) WF has a peculiar feature that brings out the largest contributions from the unpaired modes owing to the relation x ⋆ α x α + z 2 = 1. We have never experienced such a physical situation. Then, an investigation of such a interesting problem must be meaninigful. At the region very near z=0, the / z is approximated to 1
and their complex conjugations. Parallel to the way to get the conditions (6.16) and (6.17), from (6.29) and (6.30), we also have the symmetric conditions with respect to α and β. Toward a possible determination of the unknown parameters for / z
(not summed for α and β), (6.32) which can also be separated into two parts. One is given as follows:
(not summed for α and β),
(not summed for α and β).
The other is also obtained by the same way as the previous one. We are now in a stage to determine the unknown parameters k αβ and l αβ in the Lagrange multipliers under the quasi anti-commutation relation approximation for the fermions. In the following section, as an illustrative example, we will treat the superconducting toy-model used in the previous Sec. 4. The determination will be a great step to the completion of the present method.
7 Solutions for unknown parameters k and l
Next we treat the region very near / z 2 =
In which we have used the trivial relation which is also derived from (7.21). Substituting= ∓l αβ .
(7.34)
To verify the validity of k αβ (7.32), we make the explicit form of k βα from k αβ by exchanging the indices. We calculate k αβ −k βα and to the result of which further substitute (7.27) and (7.28). Then we can get k αβ −k βα again. This means that the expression for k αβ is exactly valid and does not cause any inconsistency. By the direct input of the explict expressions (7.32) and (7.34) into the SCF parameter M α difined by (3.11), we could reach our ultimate goal to determine self-cosistently the unknown Lagrange parameters k αβ and l αβ . Finally summarizing shortly, in the present manner we could reach considerably good solutions for all unknown parameters k and l at both the regions very near / z . We will apply the present approximation method to concrte problems which should be solved.
Concluding remarks and further perspectives
In the present new description, the extended HB (EHB) theory for a fermion system with N single-particle states has been derived from the extended TDHB (ETDHB) theory. The EHB and ETDHB theories have been constructed from a group theoretical deduction starting with the fact that the fermion annihilation-creation and pair operators form a Lie algebra of the SO(2N+1) group. The induced representations of the SO(2N+1) group was found by means of a group extension of the SO(2N) Bogoliubov transformation for the fermions to the SO(2N+1) tranformation group. Embedding the SO(2N+1) group into the SO(2N +2) group and using the boson images of the SO(2N+2) Lie operators, we have obtained the ETDHB equation from the Heisenberg equation of motion for the boson operators. We have expressed its final form through the variables as the representatives of the paired modes and the unpaired modes. From the ETDHB theory we have derived the static EHB theory in which the paired modes and the unpaired modes are treated in an equal manner. The EHB theory applicable to both even and odd fermion systems is also the SCF theory with the same capacity to provide a mean field approximation as the usual HB theory for the even fermion systems. We have obtained a new solution with unpaired-mode effects. However, it includes the unknown parameters which originate from the Lagrange multipliers involved in the image of the Hamiltonian in order to select out the physical spinor subspace. They cannot be determined in the classical limit only, and a complete determination of them requires that the quantum mechanical fluctuations are taken into account. We have, instead, determined the parameters with the aid of the quasi-anticommutation relation approximation for the differential form of the fermion operators. Both the EHB eigenvalue equation and quasi-anticommutation relation approximation provide a group theoretically transparent kinematical frame, which is able to describe both the paired and unpaired modes in many fermion dynamics. They work well in both even and odd fermion systems with strong collective correlations in which the effect of the unpaired modes is remarkable. They play important and crucial roles for a unified SCF description of the Bose-Fermi type collective excitations in several fermion systems, e.g., quantum dots [33] . We stress again that it is a very exciting problem to consider an approximate SO(2N+1) wave function very near z=0. We have never experienced such a physical situation in which the largest contributions from the unpaired-mode amplitudes occur owing to the constraint x ⋆ α x α +z 2 =1 and consequently most physical contributions arise from the unpaired-mode effects. This situation is in striking contrast to the situation in which we have no effects due to the unpaired modes very near z=1. A study of such a problem can be expected to open quite a new field for exploration of an exotic fermion dynamics accompanying the stronger unpaired-mode effects. Particularly, in a forthcoming paper, we will investigate a concrete problem for such an object using the present superconducting toy-model. Then we will give detailed processes to the EHB eigenvalue equation under the quas-anticommutation relation approximation very near z=0 and make analysess of solutions obtained by calculations.
Hitherto we have no effective method to describe such Bose-Fermi type collective motions except the previous theory proposed by Fukutome and one of the present authors (S.N.) Ref. [34] in which the SO(2N+1) density matrix plays a crucial role. To study the interrelation between the previous theory and the present theory will become a very interesting project.
Finally we will develop a group theoretical approach to the formation of the Lax pair of the SO(2N +2) top according to the ideas of Olshanetsky and Perelomov and Reyman and Shansky [20] - [22] in the near future.
